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Abstract: It is significant and valuable to improve the time and the accuracy of ships’ motion predication. Autore-
gressive time series analysis method (AR) with Kalman filtering theory is the mainstream currently and the effective-
ness for the prediction of ships’ motion attitudes have been fully validated. However, the algorithm fixes the order,
i.e. the length of the state vector once only, but forecasts the future data for multi-step, resulting in degradation of the
step length and the accuracy, especially when the ship sails in bad sea condition. In order to solve this issue, this paper
proposed a new autoregressive-multiple (ARm) method, which can determine the orders and the parameters of model
in real-time. The method was applied to forecast a ship’s motion attitudes in eight different situations. The simulative
results of autoregressive-multiple method show the validity and veracity compared with real value.
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1. Introduction

Ships will suffer the effect of the waves and swing
inevitably, resulting in great security risk, particularly
in the poor situation. Providing that the ship motion
attitudes are able to be forecasted in several seconds,
the utilization of stabilizer equipment enable ship to
reduce the effect. Thereby the researches in the area of
the prediction of ships’ movement attitudes are pretty
essential.

There are a host of studies which were carried out
by domestic and foreign researchers. J .T. Fleck [1]
and M. R. Bates [2] applied the stationary time se-
ries predictive method to forecast ships’ motion atti-
tudes sailing in the relative low frequency waves, and
this method is able to predict 5 to 6 seconds on ships’
pitching. M. S. Triantafyllou [3-6] of MIT expanded
the reach in the area of the assessment of ships’ mo-
tion attitudes and short-term prediction with the method
of Kalman filter. In this way, the noise can be han-
dled effectively, hence in the situation with noise; this

method can predict ship rolling in 6 to 8 seconds, as
well as 2 to 3 for ship pitching. Nevertheless, be-
cause of the requirement of ship state equation which
is difficult to determine, when the hydrodynamic pa-
rameters and environment varies, this method is too
complex to apply in engineering practice. Hongan
Qiu [7] and Shuwen Zhang [8] forecasted ships’ mo-
tion attitudes with period gram method and the pre-
diction time could arrive at 5 to 7 seconds, but the
consequence of prediction always has a difference of a
phase angle with the truth. The maximal benefit of the
time series analysis method adopted by Xiren Zhao
and Xiuyan Peng [9, 10] is not necessary to know
the prior information and voyage status. This method
needs only the historical data to carry out the fore-
casting in 8 to 10 seconds. However, the predictive
accuracy and stability still cannot meet the demand.
One of the most important reasons is that the move-
ment of ships affected by many external factors which
are changing all the time. While the same order and
parameters are utilized to forecast the prediction with

International Journal of Intelligent Engineering and Systems, Vol.4, No.4, 2011 11



a long time-step, there must be a number of mistakes,
especially in the poor condition [11].

Moment estimation, which is one of the most thriv-
ing and useful preliminary methods in the time series
analysis, estimates the model’s parameters through the
sample moments derived from the time series. The
Lenvinson Recursive Algorithm [12] is effective in
this area, but the sample’s correlation function must be
calculated accompanied by matrix inversion. Hence,
Widrow’s least mean square (LMS) algorithm [13] has
solved this problem, which is characterized by oper-
ation simply. However, this method which is conver-
gence slowly and grateful with the eigenvalue distri-
bution of the data’s correlation matrix is not suitable to
use on the prediction online. Recursive least squares
(RLS) algorithm [14] could achieve fast convergence.
The algorithm, whose purpose is that the quadratic
sum between expected output signal and the model
output is the smallest, has been successfully applied to
autoregressive time series analysis method’s parame-
ter estimation and achieved good consequences on the
ship attitudes predication. However, the data adaptive
filter is in terms of input data for each group, could not
reflect the integrity on information. Kalman filtering
algorithm is similar to the characteristics of RLS algo-
rithm, but Kalman filtering algorithm is more optimal
than RLS algorithm with the fast convergence speed.

To reduce effect of external factors on prediction
of ship motion, this essay focuses on the character-
istics of real-time ship motion and applies Kalman fil-
tering algorithm and real-time model which fixes or-
ders and parameters each step to forecast ships’ mo-
tion attitude. Consequently, effects impacting on the
mathematical model are eliminated. In section II, the
autoregressive-multiple (ARm) method and Kalman fil-
tering algorithm are described in detail. Then in sec-
tion III, the model is utilized to forecast some future
data of eight different situations.

2. Method and Theory

2.1 The theory of ARm
AR model must learn the sample data x(i), i = 1,2, . . .

,n to determine the model’s coefficients and order.
Then the ends of p̂ sample data are used to predict
future data. At the beginning, the ship heave mo-
tion sample data x(i), i = 1,2, . . . ,n is established. AR
method requires the sample data’s mean must be zero
mean. However, the actual ship heave data cannot
meet the demand, so it is necessary to process the sam-
ple data. Calculate the mean x, and then each data in

the sample subtracts x and establishes the new sample.
After the prediction, the results adding x are the future
predictive data.

2.1.1 Use AR(p) to forecast once
Generally, the AR(p) model is:

x(k) = β1x(k−1)+β2x(k−2)+ . . .βpx(k− p)+e(k) (1)

In which, the time series {x(k),k = 1,2, . . .n} is the
sample data, which is considered as white noise se-
quence. {e(k),k = 1,2, . . .n} is the measurement er-
ror sequence and {βi, i = 1,2, . . . , p} is coefficients se-
quence. If k = p+1, p+2, . . . ,n, then:

x(p+1) = β1x(p)+β2x(p−1)+ . . .βpx(1)+ e(p+1)
x(p+2) = β1x(p+1)+β2x(p)+ . . .βpx(2)+ e(p+2)

...
x(n) = β1x(n−1)+β2x(n−2)+ . . .βpx(n− p)+ e(n)

(2)

And, if

X = [x(p+1),x(p+2), . . . ,x(n)]T (3)

Φ =




x(p) x(p−1) . . . x(1)
x(p−1) x(p) . . . x(2)

...
...

...
...

x(n−1) x(n−2) . . . x(n− p)


 (4)

e = [e(p+1),e(p+2), . . . ,e(n)]T (5)

B = [β1,β2, . . . ,βp]T (6)

The equation (1) can be written as vector equations
in the form:

X = ΦB+ e0 (7)

Using recursive least squares method, we can esti-
mate βi, i = 1,2, . . . , p, and at the same time, get the
optimal order p̂ using AIC criterion. Then establish
the optimal AR(p) model (8) and calculate a forecast-
ing with x(i), i = 1,2, . . . ,n

x̂(n+1) =
p

∑
j=1

β̂ jx(n− j +1) (8)

2.1.2 Vary the Sample Data and Predict l Step
On the fundament of AR(p) method, we build a cir-

cle (Figure 1). Put the forecasting data x̂(n+ l) (l < L,
L is the max predictive step) into the sample data, and
establish a new sample data x(i), i = 1,2, . . . ,n+ l. p̂l
is the optimal order for the l step.

Calculate the function AIC(1),AIC(2), . . . ,AIC(M)
(M is the maximum order), meanwhile account the
square sum of residual errors (Sp(n+ l)). Where

Sp(n+ l) = (X−ΦN+lB̂n+l)T (X−ΦN+lB̂n+l) (9)
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Figure 1 Circle of autoregressive-multiple
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AIC(pl) = ln(Sp(n+ l)/(n+ l))+2pl/(n+ l)
(pl = 1,2, . . . ,M)

(10)

After that, compare the size of AIC(pl), and when
pl = p̂l , there is

AIC(p̂l) = min{AIC(Pl)} (11)

Then utilize recursive least squares method equation
(12) to estimate.

B̂n+l+1 =B̂n+l + k(n+ l +1)[x′(n+ l +1)

−ΦT
n+l+1B̂n+l]

(12)

Where, k(n+ l +1) is time-varying gain matrix, and

k(n+ l +1) =
Pn+1Φn+l+1

1+ΦT
n+l+1Pn+lΦn+l+1

(Pn+l = [ΦT
n+lΦn+l]−1)

(13)

At the last, ARm(Pl) model equation (14) is deter-
mined, and we can utilize ARm(Pl) model to carry out
the l +1 step prediction with x(i), i = 1,2, . . . ,n+ l.

x̂(n+ l +1) =
pl

∑
j=1

β̂ (l)
j x(n− j + l) (14)

Put the prediction data into the sample data, while
l + 1 = L, the program exit the loop and x(i), i = n +
1,n+2, . . . ,n+L are the predictive value.

2.2 The principle of Kalman filter and state esti-
mation

β (t) is the discrete linear system state vector which
is m-dimensional at time t, and x(t) is the system ob-
served data vector in the same time which is n-dimen-
sional. So the state-space model of system can be ex-
pressed as following

Equation of state:

β (t +1) = Φ(t +1, t)β (t)+ v1(t) (15)

Equation of observed:

x(t) = c(t)β (t)+ v2(t) (16)

In which, Φ(t + 1, t)(m×m) is the State transition
matrix; v1(t)(m×1) is the process noise vector which
is zero-mean white noise process, whose correlation
matrix is Q1(t); c(t)(n×m) is known as the obser-
vation matrix; v2(t)(n× 1) is observe noise vector,
which is zero-mean white noise too, and the correla-
tion matrix of v2(t) is Q2(t). As well, v1(t) and v2(t)

Figure 2 Kalman filter flow chart

are counted respectively, we can get the E[v1(t)vT
2 (k)]=

0 for all of t and k by another way.
If β̂ (t +1|X(t)) and β̂ (t|X(t)) are the minimum vari-

ance estimation step prediction and filter estimates of
state vector at time t respectively which are obtained
from the observe data vector x(1),x(2), . . . ,x(t), in
which X(t) is the vector composed by Vector of past
observations data x(1),x(2), . . . ,x(t). x̂(t|X(t − 1))is
the minimum variance forecast came from the reac-
tion of all the previous measurement data vector from
1 to t − 1. So there are the expression as following
based on the first prediction algorithm.

New interest rate process:

α(t) = x(t)− x̂(t|X(t−1)) (17)

Kalman gain

G(t) = Φ(t +1, t)K(t, t +1) · cT (t)·
[c(t)K(t, t +1)cT (t)+Q2(t)]−1 (18)

First predication

β̂ (t +1|X(t)) =Φ(t +1, t)x̂(t|X(t−1))
+G(t)α(t)

(19)

State estimation

β̂ (t|X(t)) = Φ(t +1, t)x̂(t|X(t−1)) (20)
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State filtering error correlation matrix

K(t) = K(t, t +1)−Φ(t +1, t)G(t)K(t, t−1) (21)

State prediction error correlation matrix

K(t +1, t) = Φ(t +1, t)K(t, t +1)ΦT (t +1, t)
+Q1(t)

(22)

2.3 Kalman filter algorithm used in adaptive ARm(p)
Model parameter estimation

2.3.1 State space model
The Arm model can be thought of a once linear min-

imum variance prediction. The input vector is set up
by x(t−1), . . . ,x(t− p) which has been known. Based
the weight between input vector and parameter β (t),
x(t) which is expected can be estimation. Based the
basic principle of wiener filter, the optimal parameter
estimation of Arm model is equivalent to the optimal
solution β̂0(t) of wiener filter at time t.

Considering that the optimal parameters change over
time, so parameter estimation process is seen as non-
stable process and introduces the process noise v(t):

β̂0(t +1) = β̂0(t)+ v(t) (23)

The use of adaptive Kalman filtering algorithm Arm
online estimate model parameters, the model assumes
that the state of Arm is a random walk model.

When the adaptive Kalman filter algorithm estimates
the parameters of ARm model, the state of Arm is a
random walk model (Figure 2):

β (t +1) = β (t)+ v(t) (24)

v(t) always is zero-mean stationary random process
and the correlation matrix is Q(t) = E(v(t)vT (t)] = qI
where q is scalar and the variance of v(t). It is obvious
that the transition matrix is the unit matrix, and the
observation equation is:

x(t) = β (t)XT (t)+ ε(t) (25)

In which: XT (t) = |x(t − 1),x(t − 2), . . . ,x(t − p)| is
measurement matrix, the mean of ε(t) is zero and the
variance is δ 2

ε . |v(t)| and ε(t) are independence to
each other.

When the time of iteration tends to the infinity, the
parameter of Kalman filter algorithm is equivalent to
the optimal solution of Wiener.

2.3.2 Derivation of adaptive Kalman filtering al-
gorithm in the non-stationary situation

β̂ (t) = β̂ (t|xt) is the parameter vector estimation
composed by the observation data x(1),x(2), . . . ,x(t),
according to the recurrence formula of Kaman filter
algorithm(17)(18), we can get

β (t) = β (t−1)+g(t)α(t) (26)

g(t) = K(t−1)X(t)[XT (t)K(t−1)X(t)−σ2
ε ]−1 (27)

In which New interest rate process

α(t) = x(t)−XT (t)β̂ (t−1)

is scalar, Kalman gain g(t)(p×1) is vector.
State filtering error in the state space model of (23)(24)

is definite e(t), the state prediction error is K(t +1, t),
so from (16)(20)(21),we can see:

e(t) = β (t)− β̂ (t|xt) (28)

K(t +1, t) = K(t)+Q(t) = K(t)+qI (29)

In which:

K(t) = K(t, t−1)−g(t)XT (t)K(t, t−1) (30)

Equations (9)∼(10) compose the state estimation pro-
cess of adaptive Kalman filter algorithm. Using the
above formula the adaptive ARm model can be estab-
lished for the non-stationary processes, its parameter
fluctuate around the mean. According to the processes
we must assume:

1, the variance of ε(t) is σ2
ε

2, the variance of v(t) is q (in this paper q = 10−4)
Obviously σ2

ε cannot be obtained with a precise math-
ematical model, However, in most cases output Signal
to Noise Ratio from the adaptive filter is usually in
very high. So when we calculate the g(t), we can see
0.001 or 0.01 multiplies |x(t), t = p + 1, p + 2, . . . ,n|
as the variance σ2

ε .
If the state transition matrix of the state equation is

known, then the state space method could have a good
description of non-stationary, but it cannot predict the
actual transition matrix, so the use of random walk in
the above non-steady state model gives a simple case
functional description (especially slow time-varying
case).

The impact of Non-stationary conditions for the al-
gorithm is basically reflected in the correlation matrix
Q(t), while he decided the recursive correction. In
addition to the above form Q(t) = E(v(T )vT (t)] = qI,
you can also take Q(t) = qK(t).
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In this situation the recursive formula of Kalman fil-
ter algorithm can be expressed as following:

g(t) = K(t−1)X(T )[XT (t)K(t−1)X(T )

−ξmin]−1 (31)

α(t) = x(t)−XT (t)β̂ (t−1) (32)

β (t) = β (t−1)+g(t)α(t) (33)

K(t) = (1+q)[K(t, t−1)−g(t)XT (t)K(t, t−1)] (34)

ξmin = σ2
ε /(1+q) (35)

3. Instances of the ship heave motion predic-
tion

In this paper, we adopted the actual measured data
when a ship sailed in eight different situations (0-Heave-
2,0-Heave-4,0-Pitch-2,0-Pitch-4,90-Heave-2,90-Heave-
4,90-Roll-2 and 90-Roll-4 where the first number is
angle of the wave and the last number is height of the
wave ). There are 220 data in each sample, and of
which the first 200 data are used for model establish-
ment as well as the other 20 data for forecast verifi-
cation. MATLAB programming language was used
to predict the ship’s motion attitudes in the future 10s
(L = 20). Forecasting performance relative square er-
ror is

JF =

√
1
2 ∑L

l=1[x̂(n+ l)− x(n+ l)]2

|x|max
×100% (36)

Where, l is the predictive step.

Table 1 The orders of AR(p) and ARm(p)

Step 1 2 3 4 5 6 7 8 9 10
AR(P) 7 7 7 7 7 7 7 7 7 7

ARm(Pl ) 3 7 3 26 7 7 7 7 9 7
Step 11 12 13 14 15 16 17 18 19 20

AR(P) 7 7 7 7 7 7 7 7 7 7
ARm(Pl ) 11 8 4 7 7 7 7 7 4 4

Table 1 shows the orders of both AR and ARm to
forecast “0-Heave-2” (the angle between the wave and
the vessel is 0◦ and the height of the wave is 2m) for
20 steps (the maximum order is M = 30). We can see
clearly AR(P) use the same order when ARm(Pl) use
the real-time orders. According to the formulas (8)
and (14), we can know the model of AR(P) is

x(n+ l) =
7

∑
i=1

βix(n+ l− i)+ e(n) l ≤ L (37)

And ARm(Pl) model is

x(n+ l) =
pl

∑
i=1

β (l)
i x(n+ l− i)+ e(n) l ≤ L (38)

Figure 3-10 (num1-motion-num2, num1 is the angle
between the wave and the vessel, num2 is the height
of the wave) are the comparison of forecast results of
AR, and the forecast results of ARm and the real value
in each situation. From these figures, it can be seen
that the predictive consequences of ARm are better
than predictive consequences of AR, especially in the
peak of waves. Table 2 is the predictive performance
of both AR method and Arm method, when the fore-
casting time-step is 5s, 7s and 10s. It can be seen that
the error of AR is increasing as the increasing of time-
step, especially exceeded 14 steps (over 7s). But the
error from ARm is relatively stable. In the nutshell,
the validity of ARm is much better than AR. Compar-
ing the results in 2 meter waves and 4 meter waves,
the precision of AR is declined clearly, however, the
precision of ARm is still stable.

Table 2 The prediction in 5s, 7s and 10s

situation method 5s 7s 10s

0-Heave-2
AR(p) 7.47% 14.59% 22.52%

ARm(pl) 5.58% 5.01% 4.46%

0-Heave-4
AR(p) 12.06% 15.91% 28.67%

ARm(pl) 1.40% 3.62% 6.79%

0-Pitch-2
AR(p) 13.93% 23.47% 37.28%

ARm(pl) 4.79% 11.87% 11.06%

0-Pitch-4
AR(p) 12.41% 14.58% 29.99%

ARm(pl) 12.06% 11.93% 15.13%

90-Heave-2
AR(p) 21.67% 25.51% 32.83%

ARm(pl) 7.86% 14.20% 19.58%

90-Heave-4
AR(p) 12.37% 14.27% 20.09%

ARm(pl) 6.15% 5.52% 6.84%

90-Roll-2.0
AR(p) 8.54% 11.85% 11.70%

ARm(pl) 4.69% 5.14% 5.91%

90-Roll-2.0
AR(p) 24.53% 29.18% 33.19%

ARm(pl) 4.24% 4.37% 12.01%

4. Conclusion

This paper improved AR method and proposes auto-
regressive-multiple predictive method ARm. The im-
proved method can fix the orders and parameters in
a real time and reduce the effect from the external
factors impacting on the ship motion. Through sim-
ulative results in eight different situations, we can see
this method can effectively predict all ship motions in
8 to 10s. Comparing with AR method the precision of
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Figure 3 0-Heave-2

Figure 4 0-Heave-4

Figure 5 0-Pitch-2

Figure 6 0-Pitch-4

Figure 7 90-Heave-2

Figure 8 90-Heave-4

International Journal of Intelligent Engineering and Systems, Vol.4, No.4, 2011 17



Figure 9 90-Roll-2

Figure 10 90-Roll-4

ARm method is more veracious and stable, especially
in the 4 meter waves. The method is universal and can
be applied to all degrees of freedom ship motion pre-
dictions, such as the ship rolling, pitching and so on,
so there is essential signification in ship engineering.
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