Received: May 12, 2018

21

Adaptive Fractional Order PIλDμ Control for Multi-Configuration
Tank Process (MCTP) Toolbox
Arjin Numsomran1*

Thanit Trisuwannawat1

Vittaya Tipsuwanporn1

1

Department of Instrumentation and Control Engineering, Faculty of Engineering,
King Mongkut’s Institute of Technology Ladkrabang, Bangkok, Thailand
* Corresponding author’s Email: arjin.nu@kmitl.ac.th

Abstract: This paper presents an adaptive fractional order PI λ Dμ control for multi-configuration tank process
(MCTP) toolbox which aims at demonstrating the problem of reference tracking and cross coupling rejection in
multi-input-multi-output system. Moreover, we investigate the cases where the system is in the mode of minimum
phase and non-minimum phase configuration. Besides providing theoretical control system analysis and design, we
develop the multi-configuration tank process software toolbox for providing the non-linear functions of dynamic
models of multi-configuration tank process which is the advantage tool for investigating the performances of the
controllers. The software toolbox is developed from discrete state P-file S-function which is operated within the
MATLAB environment for providing many non-linear functions of dynamic models of multi-configuration tank
process such as multi-input multi-output quadruple tank full-interacting process, multi-input multi-output quadruple
tank process, multi-input single-output triple tank interacting process, multi-input multi-output coupled tank
interacting process. All actual process attributes are encapsulated in S-function as the input parameters, thus the
multi-tank function block can be simply adjusted by specifying the physical properties of the tank system. The study
explains about the mathematical model of multi-configuration tank process, nonlinear dynamic characteristic,
minimum phase and non-minimum phase configuration, software toolbox features and also describes the design of
the adaptive fractional order PIλDμ controller including the performance validation. The results have been illustrated
that the proposed controller design scheme can provide the sufficient effectiveness in the performance, stability and
robustness. Furthermore, these tests reinforce the usefulness of MCTP toolbox as a complete simulation tool for
users to perform an engineering research of multi-configuration tank control system analysis and design, moreover, it
contains very useful for validating the control algorithm of multi-input-multi-output system.
Keywords: Multi-configuration tank process, Multi-variable physical system, Control system analysis & design,
Adaptive fractional order PIλDμ control, Software toolbox.

1. Introduction
The multi-tank system has been widely used in
engineering research for validating various concepts
of multi-input-multi-output control system design. A
well-known configuration as a quadruple-tank
process was originally developed by Johansson in
1999 [1]. Due to its dynamic behavior includes nonlinearity, inverse response, process interaction, zero
dynamics, parameter perturbation, the various
theoretical control approaches have been
implemented and proven in their performance.

Several studies, for example a modified PI controller
design with decoupling control was developed for
reducing the interaction influence between 2 loops
of quadruple-tank process [2]. Multi-input multioutput (MIMO) quantitative feedback (QFT)
compensator and pre-filter transfer function matrices
(TFMs) were proposed to illustrate the benefits of
interaction treating for the quadruple-tank process
[3]. Multi-controller switching control mechanism
was applied with a tank level process for illustrating
the switching strategy in nonlinear control problem
[4]. A stable adaptive sliding mode based on
tracking control was applied to quadruple-tank
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process for demonstrating adaptive control
performance in a multi-input multi-output (MIMO)
system with external disturbances [5]. Distributed
multi-parametric model predictive controller design
was implemented in a quadruple tank process [6] A
multi-loop centralized fractional order PID
controller was designed and implemented in a
quadruple-tank process for validating the control
performance in nonlinear minimum phase,
interacting process under servo and regulatory
conditions [7]. A model reference adaptive control
(MRAC) using the LabVIEW program was
proposed for exhibiting auto tuned controller
technique for controlling interaction influence of
multivariable quadruple-tank process [8]. An
adaptive fuzzy compensator was applied to coupledtank liquid level control system describing a nonlinear and adaptive control action [9]. Fuzzy
aggregation based multiple models explicit multi
parametric
model predictive
control
was
implemented in a quadruple tank process for
validating the performance of the proposed control
strategy [10]. In our previous work, the PID
controller design using a characteristic ratio
assignment (CRA), decoupling, and two degrees of
freedom (2DOF) technique were implemented in a
couple-tank process for performance validation of
robustness,
overshoot,
and
settling
time
improvement [11 - 13]. The inverted decoupling
technique was implemented in modified quadrupletank process for illustrating performance to stabilize
an unstable system in case of zero in the right of half
plane system [14]. A fuzzy PID controller based on
ARM7TDMI was implemented in the couple-tank
process for illustrating the control performance of a
non-linear fuzzy inference system comparing with
conventional PID control [15]. Specifically, the
several mathematical models of modified quadrupletank process were explained clearly as well as
providing the evaluation of two degrees of freedom
PID control algorithm on multi-input-multi-output
system [16]. Therefore, it is recognizable that
numerous advantage of knowledge can be illustrated
and investigated by multi-tank system.
Through the aforementioned aspects, this paper
presents an adaptive fractional order PIλDμ control
for multi-configuration tank process (MCTP)
toolbox which aims at demonstrating the problem of
reference tracking and cross coupling rejection in
multi-input-multi-output system as well as
improving the limitation of the previous work, the
design of PI controller using model reference
adaptive control (MRAC) techniques for coupledtanks process, [17] which has a drawback to the

22

Figure. 1 The multi-configuration tank process:
Schematic diagram

response adjustment by using the additional
fractional operators. Besides providing theoretical
control system analysis and design, we develop the
multi-configuration tank process software toolbox
for providing the non-linear functions of dynamic
models of multi-configuration tank process which is
the advantage tool for investigating the
performances of the controllers.
The essential features advanced the previous
studies [16] are that the software toolbox is
developed from discrete state P-file S-function
which offers more flexible implementation of
simulation and improvement simulation times.
Likewise, it is able to provide a complete non-linear
function set of the dynamic models of multiconfiguration tank process. In addition, all actual
process attributes are encapsulated in S-function as
the input parameters, thus the multi-tank function
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block can be simply adjusted by specifying the
physical parameters of the tank system as well as it
supports flexibly the variety of process
characteristics such as inter-acting process, inputoutput cross coupling, minimum phase, nonminimum phase.
The study explains about the mathematical
model of multi-configuration tank process, nonlinear
dynamic characteristic, minimum phase and nonminimum phase configuration, software toolbox
features and also describes the design of the
adaptive fractional order PIλDμ controller including
the performance validation compared to the
adaptive integer order PID control. The rest of this
paper is organized as follows: The proposed multiconfiguration tank process with its physical
structure, mathematical modeling and nonlinear
dynamic characteristic are described in the section
2; The details of software toolbox features are
demonstrated in the section 3; The theoretical
control system design using adaptive fractional
order PIλDμ control is explained in the section 4.
The experimental results and discussions are
illustrated in section 5; while the section 6 is
dedicated to the conclusions.

voltages (u1, u2) and the outputs are water level in
the tanks (hi). Referring to Mass balances and
Bernoulli’s law, non-linear plant equations
describing about the characteristics of the water in
each tank are obtained as

2. Mathematical Modeling
The multi-configuration tank process structure
and its schematic diagram are depicted in Fig. 1.
The flexible process structure composes of four
1192.5 cm3 of cylindrical tanks, two API instrument
gear pumps, four pressure transmitters, 32,000 cm3
of water reservoir, four outlet valves and two
interacting valves. The two Y-junctions are used for
dividing the inlet water through the lower tanks and
the upper tanks in the diagonal direction. The
process structure can be flexibly adjusted by closing
or opening the two Y-junctions, the four outlet
valves (βi) and the two interacting valves (βxu, βxl),
for example the quadruple–tank non-interacting
process can be created by closing the two interacting
valves (βxu, βxl), then opening the four outlet valves
(βi). The process characteristics can be adjusted
conveniently by changing the percent valves
opening, for example the inter-acting of water
between lower tanks can be created by increasing
the percent valves opening of lower interacting
valves (βxl). Furthermore, the process can be
adjusted to operate in non-minimum phase, zeros
transition in the right half plane, by decreasing the
percent valves opening of two Y-junctions (γ1, γ2) so
that creating the input-output cross coupling action.
The target is to control the level in specified tanks
with two pumps. The process inputs are pumps input

a
dh1 (t )
a
  1 1 2 gh1 (t )  3 3 2 gh3 (t )
dt
A
A
 xl ax

sgn  h1  t   h2  t   2 g h1  t   h2  t 
A
 1k p1

u1 (t )
A

(1)

dh2 (t )
a
a
  2 2 2 gh2 (t )  4 4 2 gh4 (t )
dt
A
A
 a
 xl x sgn  h1  t   h2  t   2 g h1  t   h2  t 
A
 2k p2

u2 (t )
A

(2)

1   2  k p 2
dh3 (t )
a
  3 3 2 gh3 (t ) 
u2 (t )
dt
A
A
 a
 xu x sgn  h3  t   h4  t   2 g h3  t   h4  t 
A

(3)

1   1  k p1
dh4 (t )
a
  4 4 2 gh4 (t ) 
u1 (t )
dt
A
A
 a
 xu x sgn  h3  t   h4  t  2 g h3  t   h4  t 
A

(4)

2

A : Cross section area of tank (cm )
2
ai : Cross section area of the outlet hole (cm )
2
a x : Cross section area of the connection hole (cm )

hi : Water level (cm)

u j : Voltage input of pump (volt )
 i : Outlet valve ratio
 xl : Lower connected valve ratio
 xu : Upper connected valve ratio

 j : Inlet valve ratio
k pi : Gain of pump (cm3 / volt / sec)
2

g : Specific gravity (981 cm / s )

The transfer matrix G(s) of multi-configuration
tank process in Eq. (5) is the linearized dynamic
model of multi-configuration tank process expressed
the relations between input pump voltage (U1, U2)
and output water level (H1, H2) which is used for
designing the controller.
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where
H1 : Water level in tank1 (cm)
H 2 : Water level in tank2 (cm)
U1 : Voltage input of pump1 (volt )
U 2 : Voltage input of pump2 (volt )

g 21  s  

H 2 (s)
U1 ( s )

T1 XLT3 XU TxuTxl 1   1  k p1  T1T4 1   1  k p1  / T3 A
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T2
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Figure. 2 Zero of G  s  related with γ1, γ2

The mathematical model of multi-configuration tank
process in Eqs. (6) - (9) were developed in the
general form so that they are able to be conveniently
transformed to the mathematical model of others
tank system as described in [16].The zeros of multiconfiguration tank transfer matrix in Eq. (5) are
characterized as the zeros of det G(s). As illustrating
zeros position mapping in Fig. 2, the zeros of G(s)
can be located on the s-plane either in the left or in
the right half-plane depending on the values of inlet
valve ratio (γ1, γ2). If 0.44   1   2  2 , The system
is minimum phase, all multivariable zeros are placed
in the left half-plane. If 0   1   2  0.44 , the
system is non-minimum phase, a multivariable zeros
are placed in the right half-plane. Moreover, if
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 1   2  0.44 , a multivariable zeros are located at
the origin.

3. Multi configuration tank process (MCTP)
toolbox
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physical parameters of the tank system. In addition,
the process characteristics can be adjusted to operate
in non-minimum phase, zeros transition in the right
half plane, by decreasing the percent valves opening
of two Y-junctions (γ1, γ2) so that creating the inputoutput cross coupling action.

Multi configuration tank process toolbox is the
software toolbox representing the non-linear
functions of dynamic models of multi-configuration
tank process. The aim of the toolbox is to provide
the advantage tool of the multi-tanks process
simulation which is suitable for investigating the
performances of the multi-input multi-output
(MIMO) control system design. In this paper, an
overview of the MCTP toolbox and its functions
with the used theoretical aspects are described, as
well as the example of multi-tank control system is
illustrated.
3.1 Toolbox features
The MCTP toolbox in Fig. 3., the essential
features are that the software toolbox is developed
from discrete state P-file S-function which is
operated within the MATLAB environment.
Likewise, it is able to provide a complete non-linear
function set of the dynamic models of multiconfiguration tank process such as multi-input
multi-output (MIMO) quadruple tank fullinteracting process, multi-input multi-output
(MIMO) quadruple tank process, multi-input singleoutput (MISO) triple tank interacting process, multiinput multi-output (MIMO) coupled tank interacting
process. In addition, all actual process attributes are
encapsulated in S-function as the input parameters,
thus the multi-tank function block can be simply
adjusted by specifying the physical parameters of
the tank system as well as it supports flexibly the
variety of process characteristics such as inter-acting
process, input-output cross coupling, minimum
phase, non-minimum phase. The MCTP toolbox
relies on the MATLAB 2015. The package includes
the following 3 files as:
mct_init.m - the initial parameters
MCTP_Toolbox.mdl - Simulink library
model.p – S-function for MCTP toolbox
The function block of a multi-input multi-output
(MIMO) quadruple-tank full-interacting process is
illustrated in Fig. 4. It provides a dynamic behavior
of the level height in four liquid tanks connected
with the full-interactions, upper and lower tanks.
The input variables are voltages to the pumps, while
the outputs are water level in the lower tanks (tank1,
tank2). A function block parameters are the process
attributes which can be specified the required

Figure. 3 MCTP Toolbox 1.0

Figure. 4 Block parameters - multi-input multi-output
(MIMO) quadruple tank full-interacting process

Figure. 5 Block parameters – multi-input multi-output
(MIMO) quadruple tank lower-interacting process
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4. Adaptive fractional order PIλDμ control

Figure. 6 Block parameters – multi-input multi-output
(MIMO) couple tank interacting process

In this paper, the dynamic adjustment of the
adaptive fractional order PIλDμ controller has been
validated to achieve the control performance and
robustness for a multi-input multi-output (MIMO)
quadruple tank full-interacting process. The
structure of control system is depicted in Fig. 7
which composes of a feedback loop of tank process
and order PI λ Dμ controller as well as a feedback
loop of the reference adaptive mechanism. The PID
parameters are changed by the adjustment
mechanism based on the value of feedback error,
which is the deviation between the output of the
system and the output of the reference model.
Meanwhile an integrator of order λ and a
differentiator of order μ are determined the
appropriate values using Integral Square Error (ISE)
tuning [18, 19].
4.1 Fractional order PID

Figure. 7 Block diagram of adaptive fractional order
PI  D control

The function block of multi-input multi-output
(MIMO) quadruple tank lower-interacting process
in Fig. 5 provides a dynamic behavior of the level
height in four liquid tanks connected with
interactions from lower tanks. It was implemented
for validating the proposed control strategy of 2DOF
PID control in case of zero in the right of half plane
system [14]. The process characteristics of function
block are useful for evaluating the performance of
stability control, especially the dynamic response
can be reflected the performance for feed-forward
controller effectively.
The function block of multi-input multi-output
(MIMO) couple tank interacting process in Fig. 6
provides a dynamic behavior of the level height in
two tanks connected with interactions from lower
tanks. The input variables are voltages to the pumps,
while the outputs are water level in the lower tanks
(tank1, tank2). It was implemented for validating the
proposed control methodology of characteristic ratio
assignment for two-input-two-output (TITO) system
[13]. The process characteristics of function block
are useful for evaluating the performance of
adjusting the shape of dynamic response both of the
percent overshoot and settling time.

The differentiation and integration operators in
the fractional calculus are given as [20, 21]
 dq

q
 dt

q
1
a Dt  
t
  dt  q
 a

q0
q0

(10)

q0

where q is the fractional-order of the operation. a
and t are the limits of the operation.
A definition of fractional derivatives given by
Grunwald–Letnikov is demonstrated as follows:
q
a Dt f  t  

1
 lim q
h 0 h

d q f t 
d t  a 

 t  a  / h 


i 0

q

(11)

q
 1   f  t  ih 
i
i

where D is the mathematical operator. q is the
fractional-order of the operation. t and a are limits of
q

the operation. h is the small step size.   is the
i
function of

 q  q  1 q  2   q  i  1
.
  i  1

The implementation of fractional calculus in PID
controller design has been widely proposed as well
as applied to many process applications due to the
aims of increasing a capability of control
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performance using the five parameters ( K P , K I , K D ,
 ,  ) . Referring to a block-diagram in a Fig. 8, the
transfer function of the fractional-order PI λ Dμ
controller composed with fractional operators (λ, μ)
can be defined as
GFOPID  s   K p  K I

1
 K D s  ,  ,   0
s

(12)

where GFOPID is the transfer function of the
fractional-order. KP is the proportional gain. KI is the
integral gain. KD is the derivative gain. λ and μ are
fractional operators.
The fractional operators are optimized by
minimizing the function of integral square error
(ISE) tuning method.

  y p  ym

(14)

The function of square error
1
J ( )   2 ( )
2

(15)

The changing rate of 
d
J

 
 
dt



(16)


is

sensitivity derivatives of the error with respect to θ.
γ is an adaptation gain.  is the error input signal. yp
is the process response. ym is the response of the
reference model.
The aim of the MIT adaptive control rule is
minimizing the function of square error J(θ) which
reflects the capability of controller to track the
reference model output signal.
The transfer function of the reference model

where θ is the vector of controller parameter.

t

J ISE   e 2  t  dt

MIT adaptive control rule performs the algorithms
as following details [22].
The error input signal

(13)

0

where e  t   r  t   y  t  , r  t  is the reference input,
and y(t) is the system response.

Ym  s 

Uc  s 

Figure. 8 Block-diagram of the fractional-order PIλDμ
controller

4.2 Model reference adaptive control
The model reference adaptive control (MRAC)
is an adaptive servo system using the adjustment
mechanism to automatically adjust the controller
parameters so that the control signals can
manipulate the behavior of process response (yp) to
closely follow the response of the reference model
(ym). From the adjustment mechanism of MRAC, the
reference model is determined by the required
performance of the control system such as a settling
time and a percent of overshoot while the initial
parameters of PIλDμ controller are changed on the
basis of the error signal (ε), which is the difference
between the output of the process (yp) and the output
of the reference model (ym). The adjustment
mechanism of MRAC system which is developed by

bm s m  bm1s m1 
am s n  am1s n1 



 b1s  b0
 a1s  a0

(17)

where Ym is response of the reference model. Uc is
the control signal. bm ~ b0 are numerator
coefficients of transfer function. am ~ a0 are
denominator coefficients of transfer function.
The transfer function of the process
N p s
Dp  s 



bp s v  bp 1s v 1 
a p s  a p 1s
u

u 1



 b1s  b0
 a1s  a0

(18)

where Np(s) is numerator polynomial of the process
transfer function. Dp(s) is denominator polynomial
of the process transfer function. bp ~ b0 are
numerator coefficients of the process transfer
function. ap ~ a0 are denominator coefficients of the
process transfer function.
The transfer function of fractional PIλDμ controller
Gc  s   K P 
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Apply MIT gradient rules for determining the value
of PIλDμ controller parameters K p , Ki , Kd . The gains
of PIλDμ controller are computed as

K p   p s
Ki    i

 N p s
s Bs

2.48e2s  3.46
6.66e6s 5  2.33e6s 4  3.02e5s 3

g11  s  

(24)

1.77e4s 2  4.54e2s  3.84

yp

 N p s

U c  y p 
s Bs 

Kd    d s 2

2.29e5s 4  6.18e4s 3  6.04e3s 2

 N p s
s Bs

yp

(20)

1.45e4s 3  3.22e3s 2  2.23e2s  4.66
(25)
8.31e6s 5  3.22e6s 4  4.67e5s 3
3.14e4s 2  9.62e2s  10.8

(21)
g 21  s  

(22)

where γp is an adaptation gain of the proportional
gain (KP). γi is an adaptation gain of the integral gain
(KI). γd is an adaptation gain of the derivative gain
(KD). s denotes the differential operator. 1/s denotes
the integral operator.  is the error input signal.
Np(s) is numerator polynomial of the process
transfer function. B(s) is the denominator
polynomial of the reference model. yp is the process
response. Uc is the control signal.

5. Simulation results
This section explains the simulation results
obtained from the multi-configuration tank process
controlled by the adaptive fractional order PIλDμ
control strategy described in section 4. The tests
have been performed for validating the effectiveness
of the proposed control methodology in the
performance, stability and robustness in case of
minimum phase and non-minimum phase process
configuration. The target is to control the level in
specified tanks with two pumps. The process inputs
are pumps input voltages (u1, u2) and the outputs are
water level in the tanks (hi). The results are
compared with the conventional model reference
adaptive control (MRAC). Besides, the using of
multi-configuration tank process toolbox is
explained and presents through simulations.

3.38e2 s 2  47.8s  1.3
1.76e5s 4  5.45e4 s 3  5.71e3s 2
2.31e2 s  3.1

(26)

1.53e6 s 5  5.81e5s 4  8.67e4 s 3
g 22  s  

6.33e3s 2  2.25e2 s  3.07
4.4e7 s 6  2.06e7 s 5  3.84e6 s 4

(27)

3.65e5s 3  1.84e4 s 2  4.66e2 s
4.58

5.2 Decoupling compensators design
The multi-tank system has controllability
limitation from interference between inputs and
outputs and interaction on the level between upper
tanks and lower tanks. Thus the decoupling
compensators have been applied for minimizing
cross coupling between two loops of the full
interaction system [23, 24].
D1  s  

g 21  s 

g 22  s 

, D2  s  

g12  s 
g11  s 

(28)

Referring to the mathematical model of multi-tank
process  g11 , g12 , g21 , g22  in Eqs. (24) – (27), the
decoupling compensators are determined as

 1
-D12  s  
Gdecoupling (s) = 

1 
 -D21  s 

(29)

D12  s  

5.1 Process Modeling
Referring to the multi-configuration tank process
parameters in Table 1, minimum phase
configuration, the mathematical model of multi-tank
process  g11 , g12 , g21 , g22  developed from Eqs. (6) –
(9) are demonstrated as.

 g  s  g12  s  
G process (s) =  11

 g21  s  g22  s 

g12  s  

2.77e8s 6  1.12e8s 5  1.78e7 s 4
1.38e6s 3  5.53e4 s 2  1.06e3s  7.52
5.47e9s 7  2.68e9 s 6  5.4e8s 5  5.73e7 s 4

(30)

3.47e6 s 3  1.19e5s 2  2.14e3s  15.7

(23)
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D21  s  
3.18e7 s  1.43e7 s  2.54e6s
6

5

(31)

5.22e5s 3  1.99e4 s 2  3.98e2s  3.25

The compensated process models
multi-tank process becomes

 g11c , g22c 

g  s
0 
Gcomp_process (s) =  11c

g22c  s 
 0

of

(32)

g11c  s  

1.33e15s12  1.71e15s11  4.58e14s10
1.06e14s  1.59e13s  1.65e12s
8

𝑌𝑚1 (𝑠)
𝑈1 (𝑠)

=

Model ref2 =

𝑌𝑚2 (𝑠)
𝑈2 (𝑠)

= 𝑠3 +𝑠2 +0.106𝑠+0.0013 (36)

4

2.23e5s 3  1.02e4s 2  2.31e2s  2.04
5.78e8s 7  3.07e8s 6  6.71e7 s 5  7.82e6s 4

9

Model ref1 =

0.0013

Referring to the MIT adaptive control rule described
in section 4.2, the adaptation gains (γ) are specified
as Eqs. (37) and (38) to minimize the function of
square error J(θ), so that the controllers’ gains are
obtained as well as enable the capability of input
signal tracking effectively.
MRAC adaptation gains1:
 p1  0.10,  i1  0.0001,  d1  0.000012

 p 2  0.10,  i 2  0.0001,  d 2  0.000015

1.2e11s 6  6.27e9s 5  2.31e8s 4

(33)

4.14e15s10  7.08e14s 9  8.48e13s 8
7.29e12s 7  4.56e11s 6  2.07e10s 5
6.71e8s 4  1.51e7 s 3  2.23e5s 2
1.93e3s  7.39
g 22 c  s  
7.79e14 s12  6.86e14s11  2.69e14s10
6.19e13s 9  9.33e12s 8  9.67e11s 7
7.07e10s 6  3.68e9s 5  1.36e8s 4
3.47e6 s 3  5.87e4s 2  5.93e2s  2.73
2.24e16 s13  2.17e16s12  9.46e15s11

(35)

(37)

MRAC adaptation gains2:

7

5.91e6s 3  1.0e5s 2  1.01e3s  4.66
3.86e16s13  3.71e16s12  1.6e16s11

0.0011
𝑠3 +𝑠2 +0.101𝑠+0.0011

(34)

(38)

The design of the fractional-order PIλDμ controller is
able to perform by the optimization integral square
error (ISE) function proposed in [26]. Specifications
are as follows. Gain margin is set to 10 dB, and
phase margin to 65 degrees.
In Fig.9, It can be seen, that the proper values of
fractional parameter (λ, μ) are in the range of
  0.90; 1.20 and   0.30; 0.80 respectively.
In this simulation, we selected the most suitable
fractional parameters which the values of ISE at
3,234 cm2 (tank1), 2,320 cm2 (tank2) as the
following controller transfer functions.

GFOPID _1 ( s)  K p1  Ki1

1
1.18

s

 K d 1s 0.65

(39)

2.46e15s10  4.25e14s 9  5.14e13s 8
4.48e12s 7  2.84e11s 6  1.31e10s 5
4.36e8s 4  1.01e7 s 3  1.56e5s 2
1.42e3s  5.83

5.3 Model reference adaptive control (MRAC)
fractional-order PIλDμ controller design
Owing to the response specifications of the
control system performance, which comply by the
percent overshoot (P.O.) is less than 7%, the
settling time (ts) is under 3,000 sec, the reference
models are designed by poles placement technique
[25] as follows

Figure. 9 Fractional order (λ, μ) for ISE minimization
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GFOPID _ 2 ( s)  K p 2  Ki 2

30

1
1.19

s

 K d 2 s 0.67

(40)

5.4 The performance validation for minimum
phase
The structure of the proposed control system,
model reference adaptive control (MRAC)
fractional-order PIλDμ, is illustrated in Fig. 10. The
system consists of multi-configuration tank process
toolbox, MRAC mechanism, fractional-order PIλDμ
controller and the decoupling compensators. The
target is to control the level in tank1 and tank2 to
track the step input signal using pumps input voltage
signals (u1, u2).

Figure. 10 Simulation of adaptive fractional order PIλDμ
control for multi-configuration tank process toolbox

Figure. 11 Step response of multi-configuration tank
process simulation: minimum phase

The simulated responses of levels of tank1 and
tank2 are shown in Fig. 11. The results show that the
reference signals are tracked effectively. The
transitions take place approximately at the 100th, and
3500th second. The dash lines represent the outputs
of the reference models (ym1, ym2) which are
characterized by the transfer functions in Eq. (35),
Eq. (36).
As mentioned in section 4, the proposed
adaptive fractional order PIλDμ controller used level
outputs (y1, y2) and the difference between the
reference model outputs (ym1, ym2) and level outputs
(y1, y2) as the inputs for calculating the controller
gain  K P , K I , K D  adaptively while the fractionalorder of the operations (λ, μ) are able to support the
control system for increasing the control
performance.
The effectiveness of the proposed theoretical
method applied to the minimum phase of multiconfiguration tank process toolbox, it can be seen
that at the first step tracking, the output responses
have 3.45 of percent overshoot, settling time at
2,797 seconds for both of y1 (Blue line) and y2 (Red
line), likewise the values of steady state error are
zero. As well as in the second step tracking the
output responses have 1.52 of percent overshoot,
settling time at 889 second for y1 (Blue line) and the
values of steady state error are zero.
The test of control system without the
decoupling compensator is presented in Fig. 12. The
results reveal that the designed decoupling
compensator has effectiveness of inter-acting
rejection. While the water of tank1 raises to the
higher set point, many volumes of water are fed to
the tank2 causing the huge increments of the water
level in the tank2. Therefore, It is proved that the
decoupling compensator has been used to perform
the inter-acting rejection efficiently.

Figure. 12 Step response in case of non-decoupling
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PI  D controller in [27] that adaptive mechanism of
the adaptive fractional-order PIλDμ controller is
capable of adjusting the controller gain
 K P , K I , K D  to ensure the system to meet the same
desired specifications at almost every step set-point,
even though the process parameters was changed
over 45% compared to the robustness evaluation of
the previous work [27] which has the variation of
the response in settling time and overshoot.

5.5 The performance analysis for non-minimum
phase
Figure. 13 Step response compared between adaptive
fractional order PIλDμ (MRAC FOPID) control and model
reference adaptive control (MRAC)

Due to the process parameters in case of nonminimum phase, the zeroes of the multi-tank process
are located in the right half plane, which means that
upper tanks get more water, while the target is to
control lower tanks, making the control problem
become more challenges [28, 29]. Referring to the
proposed control strategies explain in the section 4,
the adaptation gains (γ) are specified as
MRAC adaptation gains1:
 p1  0.00001,  i1  0.001,  d1  0.0018 (41)
MRAC adaptation gains2:
 p 2  0.00001,  i 2  0.001,  d 2  0.0012 (42)

Figure. 14 Step response in case of robustness validation

The advantage of proposed technique over the
conventional model reference adaptive control
(MRAC) [17] clearly demonstrated in Fig.13. The
responses due to a reference signal 20% of the tank
height at 100th second and 50% of the tank height at
3,500th second indicate an overshoot of less than 7%
and a settling time around 3,000 seconds (2%
tolerance). The results clearly showed that the
conventional model reference adaptive control has a
limitation to adjust the response, while the adaptive
fractional order PIλDμ control can decrease the
settling time over 453 seconds using the appropriate
adjusting of the fractional-order of the operations (λ,
μ).
The robustness of the proposed adaptive
fractional-order PIλDμ controller is demonstrated in
Fig. 14. The test was done by adjusting the process
parameter, the gain of pumps (kp1, kp2) to 50% for
validating the robustness of controller in the system
that have the process parameter perturbations.
This finding validates the usefulness of the proposed
technique over a non-adaptive fractional-order

The fractional-order operations, which provide the
values of ISE at 2,268 cm2 (tank1), 1171 cm2
(tank2) are demonstrated in the controller transfer
functions as following.

GFOPID _1 ( s)  K p1  Ki1

1
1.02

s

GFOPID _ 2 ( s)  K p 2  Ki 2

1
1.04

s

 K d 1s 0.75
 K d 2 s 0.75

(43)
(44)

The decoupling compensators in Eq. (30), Eq. (31)
with the structure of invert-decoupling [30] were
used for rejecting the inter-action disturbances.
The simulated responses of levels of tank1 and
tank2 are shown in Fig. 15. The transitions take
place approximately at the 100th, and 3500th second.
The dash lines represent the outputs of the reference
models (ym1, ym2). The effectiveness of the proposed
model reference adaptive control (MRAC)
Fractional-order PIλDμ applied to the non-minimum
phase of multi-configuration tank process toolbox, it
can be seen that at the first step tracking, the output
responses have 5.75, 6.9 of percent overshoot,
settling time at 866, 1064 seconds for y1 (Blue line)
and y2 (Red line) respectively, likewise the values of
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steady state error are zero. As well as in the second
step tracking the output responses have 5.0 of
percent overshoot, settling time at 869 seconds for
y1 (Blue line) and the values of steady state error are
zero. The test of control system without the invertdecoupling compensator is presented in Fig. 16. The
results reveal that the proposed invert-decoupling
structure has effectiveness of inter-acting rejection.
The advantage of proposed technique over the
conventional model reference adaptive control
(MRAC) [17] clearly demonstrated in Fig.17. The
results clearly showed that adaptive fractional order
PIλDμ control can decrease the value of overshoot
over 21.36 percent using the appropriate adjusting of
the fractional-order of the operations (λ, μ)
compared to the conventional model reference
adaptive control which has a massive percent of
overshoot.

Figure. 15 Step response of multi-configuration tank
process simulation: non-minimum phase

Figure. 16 Step response in case of non-decoupling
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Figure. 17 Step response compared between adaptive
fractional order PIλDμ (MRAC FOPID) control and model
reference adaptive control (MRAC)

Figure. 18 Step response in case of robustness validation

The robustness of the proposed adaptive
fractional-order PIλDμ controller is demonstrated in
Fig. 18. The test was done by adjusting the process
parameter, the gain of pumps (kp1, kp2) to 50% for
validating the robustness of controller in nonminimum phase of multi-configuration tank process
that have the process parameter perturbations. This
finding validates the usefulness of the proposed
technique over a non-adaptive fractional-order PIλDμ
controller in [27] that adaptive mechanism of the
adaptive fractional-order PIλDμ controller is capable
of adjusting the controller gain  K P , K I , K D  to
ensure the system to meet the same desired
specifications at almost every step set-point, even
though the process parameters was changed over
45% compared to the robustness evaluation of the
previous work [27] which has the variation of the
response in settling time and overshoot.
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Table 1. Process parameters
Process parameters

Values

A : Cross section area of tank

70 (cm 2 )

ai : Cross section area of outlet hole

0.5028 (cm 2 )

a x : Cross section area of the

0.5028 (cm 2 )

connection hole between tank1, tank2
hi t  : Water level

20 (cm)

u j : Voltage input of pump

 i : Outlet valve ratio

 xu : Connected upper valve ratio
 xl : Connected lower valve ratio

7 (volt )
0.549, 0.587,
0.182, 0.263
0.284
0.184

 j : Inlet valve ratio (min phase)

0.744, 0.757

 j : Inlet valve ratio (non-min phase)

0.214, 0.217

k pi : Gain of pump

3.237, 3.2
(cm3 / volt / sec)

g : Specific gravity

981 (cm / s 2 )

6. Conclusion
The adaptive fractional order PIλDμ control for
multi-configuration tank process (MCTP) toolbox
has been presented in this study with the purpose of
demonstrating the problem of reference tracking and
cross coupling rejection in multi-input-multi-output
system. Furthermore the proposed multiconfiguration tank process (MCTP) software
toolbox is developed from the discrete state P-file Sfunction which is operated within the MATLAB
environment for providing many non-linear
functions of dynamic models of multi-configuration
tank process such as multi-input multi-output
(MIMO) quadruple tank full-interacting process,
multi-input multi-output (MIMO) quadruple tank
process, multi-input single-output (MISO) triple
tank interacting process, multi-input multi-output
(MIMO) coupled tank interacting processes. The
paper describes the mathematical model of multiconfiguration tank process, nonlinear dynamic
characteristic, minimum phase and non-minimum
phase configuration, software toolbox features and
also explains about the design of the adaptive
fractional order PIλDμ controller including the
performance validation. Significantly, the results
have been illustrated that the proposed controller
design scheme can provide the sufficient
effectiveness in the performance, stability and
robustness. In addition, these tests reinforce the
usefulness of MCTP toolbox as a complete
simulation tool for users to perform an engineering
research of multi-configuration tank control system
analysis and design, moreover, it contains very

useful for validating the control algorithm of multiinput-multi-output system. To further our research
intends to implement the nonlinear modeling and
dynamic optimization in the actual multiconfiguration tank process for extending the
research capacity of the multi-variables control
system analysis and design.
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